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Topological charges are the winding numbers of polarization vectors around the vortex centers of
far-field radiation. In this work, the topological charge of photonic crystal modes is theoretically
analyzed using an envelope function approach. A group of modes is discovered with unique polariza-
tion properties dictated by their non-trivial envelope functions. Experimentally, lasing operation on
such mode is demonstrated in an electrically pumped mid-infrared photonic crystal surface-emitting
laser with high slope efficiency. The topological charge is directly observed from the polarization
properties of single-mode laser emission.
The past decade witnessed a boom of research in the
field of topological photonics. This topic originates from
the recent discoveries in solid-state materials, especially
the topological insulator [1, 2] and the quantum Hall ef-
fect [3–5]. Topology brings a new perspective to the clas-
sification of photonic systems [6–9].
The key feature of topological protection can be imple-
mented into a photonic system with several different ap-
proaches. By introducing a pseudo magnetic gauge field,
a system of coupled ring resonators exhibit topological ro-
bustness [10, 11] and enable topological insulator lasers
[12, 13]. Dynamic modulation of ring resonators gen-
erates topological edges in the synthetic space [14, 15].
By direct analogy to the periodic electron system, the
photonic crystal [16] naturally serves as an ideal plat-
form for observing topological invariants [17–20], such
as the Chern number [21, 22] and the topological charge
[20, 23, 24]. The topological charge is defined as the wind-
ing number of the radiating polarization vector around a
vortex center, where no field vector can be assigned [23].
Such a singular point can be created either at or off Γ
point [18]. The concept of topological charge is not lim-
ited to the area of photonics. Similar phenomena can be
explored also in solid-state physics, such as the magnetic
skyrmions [25]. In fact, the topological charge is closely
associated with the polarization vectors of far-field radi-
ation from photonic crystal surface-emitting lasers [23],
which have been well-developed for high-power and high-
brightness laser applications [26, 27].
Photonic crystal surface-emitting lasers [28] are typ-
ically designed at the second-order Γ (Γ2) point of a
photonic band structure, where lasing action naturally
occurs at symmetry-protected band-edge modes [29, 30].
Real devices have finite dimensions, which can be sim-
ulated in theory by the exact diagonalization of all
mesh elements in three dimensions (3D). However, brute-
force techniques are unattractive, as the 3D calculations
rapidly become intractable for large devices, and they do
not typically yield physical insights. Instead, the enve-
lope functions are introduced to the wave-functions of fi-
nite periodic systems as an approximation approach [31].
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Previously, the photonic band structure alone was con-
sidered to determine the topological charge of a photonic
crystal device. The role of near-field envelopes is em-
pirically neglected when predicting the far-field patterns.
However, in general this is not correct. A full symmetry
analysis must include both the periodic waves and the
envelope functions. Take electron states in a symmetric
quantum well for example. Determined by the interac-
tion Hamiltonian Hint = − emA · p, optical transitions
are allowed only between states with the opposite pari-
ties. Interband transitions occur between states with the
opposite periodic function parities and the same envelope
parities, whereas intersubband transitions are allowed be-
tween states with the opposite envelope parities and the
same periodic function parities. In this work, we explic-
itly bring the envelope functions into the analysis of the
topological charge of photonic crystal modes.
Consider a two-dimensional square-lattice photonic
crystal with cylindrical pillars [Fig. 1(a)]. Such a struc-
ture is invariant under the C2 and C4 operators, which
enact a 180◦ and 90◦ rotation around the out-of-plane (z)
axis, respectively. Figure 1(b) shows the photonic band
structure of transverse magnetic (TM) modes calculated
by the coupled wave theory [32, 33] and the finite-element
method (COMSOL Multiphysics), with the pillar filling
factor of 0.25. As indicated in the insets of Fig. 1(b), the
four band-edge modes at the Γ2 point possess different
symmetries. The electromagnetic field of the monopole
mode Ai (the subscript i means infinite) is even under
both C2 and C4 rotations. The quadrupole mode Bi is
C2-even and C4-odd. The degenerate dipole modes E1i
and E2i are C2-odd. The vertical radiations of modes Ai
and Bi are topologically forbidden, since the field pro-
file of a plane wave is C2-odd. Consequently, topological
charges are created at k‖ = 0, where the projected aver-
age fields [E‖ in Fig. 1(a)] are zero.
Similar to a confined electron system, the wave-
functions in a finite photonic crystal structure can be
approximated as periodic Bloch functions with envelope
functions. In the coupled wave theory, this treatment is
mathematically interpreted as the solutions to a semi-
analytical eigen-equation [33, 34]:
f ~V = Cinfinite~V +Cfinite~V (1)
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FIG. 1. (a) Schematic drawing of the photonic crystal structure and the radiating field. (b) Photonic band structure calculated
by both coupled wave theory and COMSOL. Here the pillar filling factor is 0.25. The band-edge mode patterns in one unit
cell are shown in the insets, where the colormaps depict the Ez component, and the vector maps show the in-plane magnetic
field Hx, Hy. Mode Ai is C4-even, mode Bi is C4-odd, and modes E1i, E2i are both C2-odd. (c) Far-field beam vector (E‖)
patterns of the fundamental finite-size photonic crystal modes calculated by the coupled wave theory. The pillar filling factor
of the photonic crystal is 0.25. The device size is 400 periods in each in-plane dimension. Following a closed loop around the
center point, the polarization vectors of modes A and A′ rotate by an angle of +2pi, and thus their topological charges are +1.
By the same token, the topological charges of modes B, B′ are -1. The winding number for modes E1 and E2 is 0. These two
modes possess no topological charge in the center point.
where f is the normalized eigen-frequency, ~V denotes
the fundamental Bloch waves [(kx, ky) = (0,± 2pia )and
(± 2pia , 0)] in all locations and directions, Cinfinite is a
matrix representing the coupling of the Bloch waves due
to the Bragg reflection, and Cfinite is a matrix describ-
ing the coupling induced by the in-plane boundaries. In
solutions to Eq. 1, the periodic functions perform as a
basis set, and the envelope functions behave as the com-
bination coefficients that vary in different locations of
the device. However, the choice of periodic basis is not
limited to the fundamental Bloch waves. Instead, the
four band-edge modes with distinct symmetry properties
build up a new periodic basis to describe a finite photonic
crystal mode Mf :
Mf = [N
Mf
Ai
(x, y), N
Mf
Bi
(x, y), N
Mf
E1i
(x, y), N
Mf
E2i
(x, y)]~VPhC
(2)
where ~VPhC = [Ai, Bi, E1i, E2i]
T is the vector of band-
edge modes and N(x, y) is the envelope function for each
term. In this basis, the rotational symmetry of the fi-
nite mode can be predicted by the shapes of envelope
functions. The band-edge basis is physically analogous
to the k · p method of the solid-state physics where the
off-Γ states are described by the wavefunctions at k = 0
[35]. See Appendix Sec. A for more details on the basis
transformation [36].
Frequencies, intensity profiles and far-field patterns of
the photonic crystal modes are obtained by solving Eq.
1. Among all the finite TM modes, six fundamental ones
are found to possess the smallest in-plane wavevector (k‖)
components and the lowest cavity losses. Their far-field
patterns are shown in Fig. 1(c). Here the calculation
is conducted on a 4-layer photonic crystal device with a
square in-plane boundary. The device has 400 periods
in each in-plane dimension. On the x,y axes, modes A
and B are radially polarized, which is predicted by the
symmetry analysis of infinite TM modes (see Appendix
Sec. B [36]). No field vector can be observed in the center
points of the far-field patterns for modes A, A′, B and B′.
In a counter-clockwise loop around the pattern centers
in Fig. 1(c), the field vectors of modes A, A′ (B, B′)
rotate by a phase of +2pi (−2pi), leading to topological
charges of +1 (-1). Modes E1 and E2 have no topological
charge in their center points. Although mode A′ (B′)
shares the same topological charge as mode A (B), their
polarization vectors are indeed orthogonal to each other
in almost every direction. Surprisingly, both modes A′
and B′ are azimuthally polarized on the x,y axes, which
is contradictory to all previous reports on TM modes.
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FIG. 2. Envelope functions of modes B and B′ in the basis
of photonic crystal band-edge modes. The values are in arbi-
trary units. The Ai envelope of mode B and the Bi envelope
of mode B′ both equal to zero, as shown in the first figure on
the upper row, and the second figure in the lower row.
3An intrinsic difference between modes A′, B′ and the
other four modes is the near-field intensity profiles. With
large device dimensions where the in-plane confinement
is sufficient, the intensity profiles of modes A, B, E1 and
E2 are convex in shape with anti-nodes in the device
center. The near-field intensities of modes A′ and B′,
however, are concave in shape and are pinned to zero at
the device center regardless of the device dimensions. See
Appendix Sec. C for more details [36].
Ai Bi E1i E2i
(C4-even) (C4-odd) (C2-odd) (C2-odd)
Mode A C4-even 0 C2-odd C2-odd
Mode A′ 0 C4-odd C2-odd C2-odd
Mode B 0 C4-even C2-odd C2-odd
Mode B′ C4-odd 0 C2-odd C2-odd
TABLE I. The summarized C4 and C2 symmetries of the en-
velopes functions for the photonic crystal modes A, A′, B and
B′. The envelope functions are calculated on the basis of the
band-edge modes, which possess distinct symmetry properties
individually. The topological charge of the photonic crystal
mode can be predicted by the symmetries of the band-edge
basis terms and their envelope functions.
We further investigate the near-field envelope func-
tions, by comparing two modes B and B′, which hold
the same topological charge. Their envelope functions
on the band-edge mode basis (Eq. 2) is shown in Fig.
2. As depicted in Fig. 1(b), the band-edge terms Ai,
Bi are C2-even, and E1i, E2i are C2-odd. As explained
above, topological charges at the radiation center require
the mode to be C2-even, which means the envelope func-
tions of terms Ai, Bi must be C2-even or zero, and the
envelopes of E1i, E2i must be C2-odd or zero. This is
exactly the case for both modes B and B′ in Fig. 2.
Moreover, mode B has a C4-even envelope for the C4-
odd component Bi, and mode B
′ has a C4-odd envelope
for the C4-even component Ai. In both cases, the peri-
odic term and the envelope function have the opposite C4
symmetries, resulting in C4-odd finite modes. Hence, the
value of their topological charges is -1. Mode B is com-
posed of band-edge modes Bi, E1i, E2i, and mode B
′ by
Ai, E1i, E2i. Although mode B
′ shares the same topo-
logical charge as the mode B, the contribution from Bi
to mode B′ is zero. It is the non-trivial envelope function
that causes such unexpected results. The +1 topological
charges of modes A and A′ can be analyzed in the same
manner, of which the field is C4-even. The full envelope
functions of all the six fundamental finite modes [Fig.
1(c)] on the band-edge basis are shown in Appendix Sec.
D [36]. The envelope symmetries of modes A, A′, B and
B′ are summarized in Tab. I. Besides, the envelope func-
tion approach can also predict the unique polarization of
modes A′ and B′. See Appendix Sec. E for more details
on the envelope analysis [36].
To prove the existence of such non-trivial envelope
functions, we fabricated photonic crystal quantum cas-
cade lasers (QCLs) [30, 37, 38] with a large emission area
of 1.1 × 1.1 mm2. The emission wavelength is around
8.5 µm and the fabrication details are described in our
previous publication [30]. The square-lattice photonic
crystal layer consists of circular-shaped InGaAs pillars
surrounded by Si-doped InP, as shown schematically in
Fig. 3(a). We designed two types of photonic crystal
QCLs: device I and device II, which have different pillar
sizes and lattice constants. The candidate lasing mode
of device I is designed to be mode B, which features the
lowest cavity loss and a high optical overlap factor with
the active region. By contrast, device II is targeted at
mode B′. See Appendix Sec. F for more details on the
cavity losses of the modes [36].
The LIV characteristics and the lasing spectra of the
two lasers are shown in Figs. 3(b) and (c), where both
lasers perform single-mode operation at room tempera-
ture well above the lasing threshold. The slope efficiency
of device II [solid lines in Fig. 3(b)] is almost three times
as that of device I [dashed lines in Fig. 3(b)]. Since both
devices are fabricated from the same wafer, such a dis-
tinct difference implies the possibility that their lasing
modes are not the same.
To identify the lasing modes, the surface-emitting far-
field patterns and the polarization characteristics are
measured, as shown in Fig. 3(d). In both cases, the
beam patterns are dark in the center, indicating the sin-
gular vortex centers. From the winding number of the
electric-fields around the center, the observed topologi-
cal charges are both -1. The polarization of device I is
radial on the x, y axes, and is azimuthal on the diago-
nal axis, while the polarization of device II by contrast
is orthogonal to device I in all cases. In agreement with
the design target, Fig. 1(c) allows us to identify modes
B and B′ to be the lasing modes of device I and device
II, respectively.
The switch of the lasing mode is evidenced by the sig-
nificant change in the slope efficiency. As shown in Ap-
pendix Sec. C, the field of mode B concentrates in the
device center, whereas the field of mode B′ concentrates
on the device boundaries. Since the electrical pumping
is non-uniform, mode B′ experiences a higher effective
gain than mode B. Energy concentration near the edges
also makes the lasing mode sensitive to boundary condi-
tions. As seen in Fig. 3(d), the beam pattern of mode
B′ is less symmetrical compared to the pattern of mode
B. Nevertheless, the topological charge of -1 is clearly
observed.
In this work, the topological charge of photonic crystal
modes is theoretically analyzed with an envelope function
approach. A class of modes is found to exhibit unique po-
larization characteristics determined by their non-trivial
envelope functions. Experimentally, we demonstrate an
electrically injected mid-infrared photonic crystal laser
that operates on such a non-trivial mode, with three
times the slope efficiency compared to that obtained
with standard designs. We derive the topological charges
directly from the measured polarization profiles of the
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FIG. 3. (a) Schematic design of the surface-emitting photonic crystal lasers. The photonic crystal layer consists of circular
InGaAs pillars arranged in a square lattice, surrounded by Si-doped InP. The laser is around 1.1 mm in each in-plane dimension.
The emission window is opened at the substrate side. (b) LIV characterization and (c) lasing spectra of two types of lasers,
Device I (pillar filling factor 0.40 / lattice-constant 2.68 µm) and Device II (pillar filling factor 0.25 / lattice-constant 2.71 µm).
Both measurements are made with 52 ns pulses at the repetition frequency of 9.615 kHz, with the power collected through
surface emission. (d) Far-field patterns and the polarization characteristics taken under the same conditions as in (c). Device I
is measured at 3.2 kA/cm2, and device II is measured at 2.5 kA/cm2. The white arrows represent the direction of the polarizer
in each measurement. Both devices exhibit a narrow beam divergence of less than 2◦, expected for large-area single-mode
oscillation.
surface-emitting beams. This work bridges the research
of topological photonics and photonic crystal lasers. In-
spired by the electronic quantum well system, the en-
velope function analysis is introduced to the study of
topological charges, leading to unique modes that signifi-
cantly enhance the slope efficiency of the photonic crystal
lasers. We emphasize that, although the experiment is
performed with mid-infrared QCLs, the physics of topo-
logical charges and the essential role of envelope functions
are generally valid for all photonic crystal systems.
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Appendix
A. Expansion of finite-size photonic crystal mode
on the band-edge basis
In an infinitely periodic photonic crystal strucutre, so-
lutions to Eq. 1 in the main text are the four band-edge
modes, Ai, Bi, E1i and E2i [33]. Take mode Ai as an
example, the field of Ai can be written as a linear com-
bination of four Bloch waves:
Ai = [R
Ai
x , S
Ai
x , R
Ai
y , S
Ai
y ]

e−iβ0x
e+iβ0x
e−iβ0y
e+iβ0y
 (A1)
where RAix , S
Ai
x , R
Ai
y and S
Ai
y are the corresponding co-
efficients of the Bloch wave terms.
The four band-edge modes construct a new vector
~VPhC :
~VPhC =
 AiBiE1i
E2i
 = T0

e−iβ0x
e+iβ0x
e−iβ0y
e+iβ0y
 = T0~VBloch (A2)
where each row of the transfer matrix T0 consists of the
Bloch wave coefficients for each band-edge mode. For ex-
ample, the first row of T0 equals to [R
Ai
x , S
Ai
x , R
Ai
y , S
Ai
y ].
Similarly, in the finite-size case, the field of a photonic
crystal mode Mf is described by the envelopes of the
Bloch waves:
Mf = [R
Mf
x (x, y), S
Mf
x (x, y), R
Mf
y (x, y), S
Mf
y (x, y)]~VBloch
(A3)
where R
Mf
x (x, y), S
Mf
x (x, y), R
Mf
y (x, y) and S
Mf
y (x, y)
are the corresponding envelope functions of the Bloch
wave terms.
2The periodic basis can be transformed from the typi-
cal Bloch waves to the band-edge modes by substituting
~VBloch in Eq. A3 with the reverse of Eq. A2:
~VBloch = T
−1
0
~VPhC (A4)
Therefore, the field of finite mode Mf can be expanded
in the band-edge basis as:
Mf = [N
Mf
Ai
(x, y), N
Mf
Bi
(x, y), N
Mf
E1i
(x, y), N
Mf
E2i
(x, y)]~VPhC
(A5)
where
[N
Mf
Ai
(x, y), N
Mf
Bi
(x, y), N
Mf
E1i
(x, y), N
Mf
E2i
(x, y)]
=[R
Mf
x (x, y), S
Mf
x (x, y), R
Mf
y (x, y), S
Mf
y (x, y)]T
−1
0
B. Polarization of photonic crystal modes
predicted from an infinite system: conventional
wisdom
റ =  Ƹ  צ צ
റ = 0 צ
റ = Ƹ Ԣ צ צ
റ Ԣ ് 0, റ Ԣ = 0 
റ = 0, റ = 0 
റ ് 0, റ = 0 
Radiative wave
Ƹ ԢƸ Ԣ 
Mode Ai
റ = 0, റ = 0 
റ = 0, റ ് 0
റ Ԣ = 0, റ Ԣ ് 0 
റ = 0, റ = 0 
Mode Bi
 
Ƹ ԢƸ Ԣ
റ = 0, റ ് 0
റ Ԣ ് 0, റ Ԣ = 0 
റ = 0, റ = 0 
റ ് 0, റ = 0 
 
Radiative wave
റ Ԣ = 0, റ Ԣ ് 0 
DWĬ
Ĭ;
Ĭ0
FIG. A1. Symmetry and polarization analysis of TM modes
Ai and Bi for an infinitely periodic photonic crystal struc-
ture. Here, three k‖ points are considered in the Brillouin
zone: at Γ, on Γ − X, and on Γ −M . The blue arrows in-
dicate the wavevectors of the fundamental Bloch waves in a
photonic crystal. The red arrows perpendicular to them show
the corresponding in-plane magnetic field componentH‖. The
orange panels show the polarization of the radiative waves at
each k‖ point.
The polarization of photonic crystal modes can be pre-
dicted by symmetry analysis of Bloch wave interference
in an infinitely periodic structure, as shown in Fig. A1
for the TM case. Take mode Ai as an example. At Γ
point, the counter-propagating Bloch waves destructively
interfere with each other. Thus, the overall radiation is
canceled. On Γ−X axis with a non-zero kx wavevector,
the amplitudes of the two Bloch waves propagating along
x and −x directions are no longer the same. Their inter-
ference leads to a non-zero Hy component. For the other
two Bloch waves that propagate slightly off the y axis,
their interference cancels the Hx components. Therefore,
the overall remaining magnetic field of the radiative wave
is along the y axis, which generates Ex components. If k‖
is on the Γ−M axis, we can rotate the coordinates and
redefine the diagonal axes as x′ and y′. Along the diago-
nal direction where k‖ is on the x′ axis, similar analysis
tells the overall radiative wave possesses a non-zero Hy′ ,
and the polarization of the radiating wave is along the x′
axis.
The polarization of finite-size photonic crystal modes
A and B on the x, y and the diagonal axes are in agree-
ment with that of Ai and Bi predicted based on Fig.
A1. It should be noted that, here the symmetries of the
envelope functions are not considered in the analysis.
C. In-plane intensity distribution of all the six
fundamental modes
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FIG. A2. Near-field in-plane intensity along the x axis
(through the device center point) with different pillar fill-
ing factors and device dimensions. The intensity profiles are
calculated by the coupled wave theory for the six finite-size
modes discussed in the main text.
Figure A2 shows the near-field intensity profiles of the
six fundamental modes with different structural param-
eters. When the filling factor is 0.25 and the device di-
mension is 400 a (a is the lattice-constant), the in-plane
profiles of modes A, B have anti-nodes in the device cen-
ter, and modes E1 and E2 are concave in shapes. When
the dimension is extended up to 1000 a, the profiles of
modes A, B, E1 and E2 all rise into convex shapes with
anti-nodes at the center, due to a higher in-plane con-
finement. At the filling factor of 0.40, modes A, E1, and
E2 are in the vicinity of the triply-degenerate Dirac-like
points [19, 32]. They all exhibit leaky profiles with both
400 a and 1000 a. In comparison, the in-plane intensities
of modes A′ and B′ are concave in shapes and are pinned
3to zero at the device center in all cases.
D. Envelope functions of all the six fundamental
photonic crystal modes
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FIG. A3. Envelope functions of modes A, A′, B, B′, E1 and
E2 on the basis of photonic crystal band-edge modes. The
values are in arbitrary units. The device here has the area of
400a× 400a, where a is the lattice-constant.
Envelope functions of all the six photonic crystal
modes A, A′, B, B′, E1 and E2 on band-edge basis are
calculated according to Eq. 2 in the main text, and shown
in Fig. A3. Part of this figure (modes B and B′) is shown
as Fig. 2 in the main text.
In the top row of Fig. A3 (mode A), the envelope of
the basis term Bi has the maximum absolute amplitude
that is no larger than 10−10, whereas the envelopes of
other terms have a maximum absolute amplitude in the
magnitude of 1. Therefore, the envelope function of the
term Bi is considered as zero, which is also the case for
the Ai envelope of mode A
′ and B, as well as the Bi
envelope of the mode B′.
E. More details about the envelope analysis
1. C4 rotational symmetry of topological charge modes
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FIG. A4. C4 rotational symmetry analysis of modes A (a, e),
A′ (b, f), B (c, g) and B′ (d, h) at the filling factor of 0.25.
Hx and Hy are the in-plane magnetic field components of the
fundamental Bloch waves in the photonic crystal. (e, f) show
the fields of modes A,A′ are C4-even, and (c, d) show the
fields of modws B,B′ are C4-odd. The vertical axes are in
arbitrary units.
Figure A4 shows the rotational symmetry properties of
the in-plane magnetic field for modes A, A′, B and B′,
where Cˆ4 is a counter-clockwise 90
◦ rotation operator. It
proves that the fields of modes A and A′ are even under
a C4 operation, whereas the fields of modes B and B
′
are odd under a C4 operation. This explains values of
their topological charges, and agrees with the results of
the envelope analysis as Tab. I in the main text.
2. Polarization analysis of mode B′
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FIG. A5. Symmetry and polarization analysis based on the
envelopes of the Bloch waves Rx, Sx and their summation for
the exceptional mode B′. The envelopes are calculated with
our coupled wave theory model.
To understand the polarization property of mode B′,
we show in Fig. A5 the near-field in-plane profile of the
Hy component. Along the x axis (y = 0), the contribu-
tions from the field in the y > 0 region and the y < 0
region are in the same amplitude, but with the opposite
phase. They destructively interfere, leading to zero Hy
components on the x axis, which means the Ex compo-
nent of the radiating wave equals to zero. On the con-
trary, Ex component is non-zero along the y axis (x = 0),
due to a constructive interference between the field in the
4x > 0 region and the x < 0 region. By analyzing the Hx
(Ey) component in the same manner, we can see that
the polarization of mode B′ is azimuthal on the x and
y axes. The polarization in the diagonal directions can
be predicted in a similar manner, by analyzing the near-
field envelopes of the Hx+Hy and Hx−Hy components.
This detailed analysis further confirms the polarization
of mode B′ as presented in Fig. 1(c) in the main text.
F. Cavity losses of the modes
With the coupled wave theory, the mode cavity loss
can be obtained by solving Eq. 1 in the main text. The
results for the six fundamental finite-size modes on a
400a× 400a structure are calculated with two pillar fill-
ing factors, as shown in Fig. A6. At the pillar filling
factor of 0.40, mode B has the smallest cavity loss. At
the pillar filling factor of 0.25, the cavity loss of mode
B′ is slightly higher than that of modes E1 and E2, but
mode B′ experiences a higher net gain compared to them.
This is due to the non-uniform in-plane current injection
[29, 30], resulting from the large electrode window and
the low doping of the substrate (1.5×1016 cm−3). There-
fore, we target mode B′ as the lasing mode for device II.
FIG. A6. The cavity loss of the six finite-size modes with
filling factors of 0.40 and 0.25, calculated by coupled wave
theory with the device area of 400a× 400a.
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